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Abstract

We review some aspects of quantum chaos in a variety of systems. We
begin with a general discussion of the out-of-time-ordered correlation func-
tion, the Maldacena-Shenker-Stanford chaos bound, and the spectral form
factor. These ideas are then applied to different Hamiltonians in ordinary
quantum mechanics to explore their properties. Additionally, we general-
ize an existing quantum mechanical calculation of the four-point out-of-
time-ordered correlation function for Hamiltonians with discrete spectra
to those with continuous spectra. Finally, we study some aspects of quan-
tum chaos in the Sachdev-Ye-Kitaev model. We show that the large ¢
limit of the SYK model yields the Liouville action, and we calculate the
four-point function in this limit, showing that the out-of-time-ordered an-
alytic continuation of this correlator saturates the chaos bound. We also
calculate the spectral form factor for the SYK model and compare it to

the Gaussian Unitary Ensemble random matrix theory analogue.
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Chapter 1

Introduction

In this chapter, we introduce the concept of quantum chaos and the main computa-
tional tools used to diagnose a quantum system as choatic. At the end of the chapter,

we briefly review the results that will be presented in the remaining chapters.

1.1 Classical Motivation

A major theme of physics since the discovery of quantum mechanics has been studying
quantized versions of classical systems. One route from classical physics to quantum
mechanics is through the Poisson bracket. In a classical system with generalized
position ¢(t) and corresponding momentum p(t), the Poisson bracket {-, -} 4 pe) with

respect to ¢(t) and p(t) is

0A OB 0A OB
A, B = -
A Blawaso = 5o ap(t)  Op(t) dq(t)’

where A and B are any functions of ¢ and p. Stepping to the quantum realm requires

(1.1)

relating the commutator [-, -] of operators to the Poisson bracket!:

[A,B] = AB — BA =ih{A,B},, (1.2)

where the Hermitian operators A and B are the quantum equivalents of the classical
quantities A and B [3]. In general, we will be working with time-dependent Heisenberg
operators A(t), which are related to the time-independent Schrédinger operators?
A= A(0) by

1To ensure that the multiplicative constant is correct, it is easy to see that Equation (1.2) implies
[G,p] = ih, as expected.

ZNote that throughout this work A(0) and A will be used interchangeably because of their equiv-
alence.



A(t) = et Ao A1 (1.3)
when the Hamiltonian H is time-independent.

The goal now is to understand quantum chaos. One way we can approach the
problem is to relate classical chaos to a Poisson bracket and then use Equation (1.2)
to gain insight into the quantum analogue. Classically, a chaotic system is one that is
incredibly sensitive to initial conditions. To set up a precise definition, consider two
one-dimensional classical particles, with positions ¢;(t) and ¢2(t), under the influence

of some potential. Let the initial conditions be such that

5q(0) = ¢1(0) — 2(0) < 1. (1.4)

This system is chaotic if the initial behavior is described by

dq(t) = dq(0)e™ " ; (1.5)

that is, the difference between the positions of the particles grows exponentially. The
constant Ay is known as the Lyapunov exponent of the system.
Equation (1.5) leads to a diagnostic for quantum chaos. First, rewrite it by divid-
ing by dq(0): dq(t)/dq(0) = e:t. The left side of this equation can be interpreted as
9q(t)

the derivative 59(0) which can be conveniently expressed as a Poisson bracket:

~0q(t) 9p(0)  Iq(t) dp(0)  Oq(?)
a0 POk = 500y 3p(0) ~ 9p(0) 94(0) ~ 4(0)

since the second term in the middle expression is zero. Using Equation (1.2) directly

(1.6)

now would result in an operator. The expectation value of this operator would give an
exponentially growing function of time, but it turns out that the thermal expectation

value at inverse temperature 5 = 1/T, defined as

(A) = 75 ™ [e’ﬂ’q/q , (1.7)

where Z(p) = Tr [e‘ﬁﬁ], is zero because of the cancellation of phases [4, 5|. This
problem can be easily remedied by simply taking the expectation value of the square

of the commutator. Applying Equation (1.2), we find

([d(t), p(0)]*) ~ n2e" . (1.8)
We now examine the terms on the left side of Equation (1.8). A typical term is

of the form (§(t)p(0)G(¢)p(0)). The form of this expectation value can be generalized

2



to two time-dependent operators A(t) and B (t), such that a condition for quantum

chaos is

(A()B(0)A(t)B(0)) ~ et (1.9)

The objects (A(t)B(0)A(t)B(0)) and {([§(t), p(0)]2) are both referred to as four-point
out-of-time-ordered correlation functions (OTOC). Both are used to detect quantum

chaos; they will be one of the main objects of study.

1.2 The Chaos Bound

Maldacena, Shenker, and Stanford established a bound of %r on the Lyapunov expo-
nent? for any system exhibiting quantum chaos [6]. The inspiration for conjecturing
the bound was that, in a large N CF'T holographically described by Einstein grav-
ity, the Lyapunov exponent was found to be pre01sely [7]. Proving the quantum
chaos result relies on a preliminary exercise in complex analy51s. Suppose we have a
real-valued function f(t), where f(z) is analytic in the half-strip region Re(z) < 0,
—5/4 < Im(z) < /4 and the magnitude |f(z)| < 1 for any such z = ¢ + i7 in this

region. Then this function satisfies

—nt/p
1_f‘dt < ﬁ+0(e4 ) - (1.10)

Why is this result important? Consider f(z) = 1 — ee**. The absolute value of the
derivative is A, times 1 — f, such that the inequality above reduces to A\, < 27” Thus,
if we can prove Equation (1.10) and that the four-point OTOC has the form 1 —ee*t
then we have proved the chaos bound.

First, the proof of the inequality. Let z = ¢t + ¢7 and consider the change of

coordinates

1-— smh( T (t+ ZT))

14 Sinh(%ﬂ(t + W))

w =

, (1.11)

which maps the half-strip to the unit disk. As a composition of analytic functions,
w is analytic. Define F(w(t + i7)) = f(t +i7). This function® is analytic because f

3If you look at the definitions of the previous section and compare them to the calculation of
this section, you will see a factor of 2 difference in the definition of the Lyapunov exponent. The
convention in this section is the standard for discussions of quantum chaos.

4We are simply using the half-strip as a parameterization of the unit disk in order to define f
there.



and w are, and it maps the unit disk to the unit disk since the absolute value of f is
bounded by 1. The Schwarz-Pick theorem (see Appendix A) states that any analytic
function from the unit disk to the unit disk either preserves or decreases distances in

the hyperbolic metric, which is given by

4]dz|*
ds* = ——— . 1.12
R 2
Applying this fact to F and w and taking a square root gives

dF d

aF] _ _ _ldv] (1.13)

L= [Fw)]? = 1—[w
We now restrict our attention to the 7 = 0 axis. Dividing both sides by dt and

identifying F'(w) with f(t) (since T is now zero), we find

1 df 1 dw
L—|f@)) |dt| = 1 —|w|?|dt
Since f is real on the real axis, we can factor the denominator on the left-hand side.

The right-hand can be calculated, such that

(1.14)

1 |df| 2« 2rt (14 f) _ 2w
| < Fenf < F

which is what we set out to prove.

+ O(e™1m/8Y | (1.15)

Returning to physics, we now state the chaos bound. Let y* = £e ##. Then, we

can define the four-point OTOC between two operators W and V as

F(t) = Tr[yVyW (t)yVyW (t)] , (1.16)

and we can define the factorized version as

Fy = Te[y?Vy*V] Te [y W )y W (1)] (1.17)
The chaos bound is the statement that

d 2m

5 (Fat) = F(t)) < — (Fu(t) = F(t)) (1.18)
We will heuristically explain why this should be true. At intermediate times, F'(¢)
should be close to Fy(t); at these times, correlators such as (VVIW ()W (t)) approach
their factorized values as well. However, the OTOC is special, in that F'(¢) cannot

remain constant because quantum chaotic systems scramble information. Thus, F'(t)



develops a commutator term and decreases. A general expectation for chaotic systems

(as we saw above) is that growth is exponential, so the difference should roughly obey

Fy(t) — F(t) = ee™! . (1.19)

Applying the mathematical result above to this functional form gives the chaos bound.

1.3 Spectral Form Factors

In studies of black holes and other chaotic systems, random matrix theory provides
one route for a tractable analysis, while the OTOC of the previous sections provides
another. The relationship between quantum chaos and random matrix theory is
more general: the quantum chaos conjecture states that all quantum chaotic systems
should be describable by a random matrix theory model consistent with the system’s
symmetries [8]. The spectral form factor, explored in detail in [1], illuminates the
random matrix theory properties of a quantum chaotic system. The OTOC, as we
would expect from the classical analogue, only describes the behavior of the system at
early times and is a quantum mechanical construct [9]. In contrast, the spectral form
factor also captures the late-time behavior of a system and its statistical properties
[10]. The late-time behavior of the spectral form factor will turn out to be related to
the discreteness of the spectrum of the Hamiltonian.

First, we define an important analytic continuation of the partition function

Z(B)="Tr [e*BH } for a system at time ¢ and inverse temperature g as

Z(B,t) =Tr [eiﬁH*th] , (1.20)

where we have continued § to 8 + it. The time average of Z(3,t) vanishes, so it is
an oscillating function around zero. The size of fluctuations can be determined from

normalizing by the partition function:

2

Z(B, 1)
Z(B)

The function g(f3,t) is the spectral form factor®. For our preliminary analysis, we will

9(8,t) = ’ (1.21)

begin by expanding the two traces in the numerator of the definition of the spectral

form factor in terms of the (assumed to be discrete) energy eigenbasis:

®Although, as we will see, most studies use the annealed, disorder-averaged (see Equation (3.50))
version of this quantity as the spectral form factor. The normalization is also optional.



‘Z(M ?
Z(B)

The sum here is over all eigenvalues, including multiplicities. The final factor gives

_ |Z(1ﬂ)|2 Ze_g(Em+En)eit(Em—En) ) (1.22)

m,n

a way to proceed, because if ¢ was large then it would collapse to a Kronecker delta.

Indeed, taking the long time average gives

. 1 N2 —Q,BE
Tlﬂgo?/o dtg(fB,t) = 70 |2Z (1.23)

where the sum here goes over all energy levels, and the multiplicity is accounted for in
the factor Ng. If Ng = 1 for all E, then this final sum is just the definition of Z(25).
The long-time average, then, is non-zero for a system with a discrete spectrum. What
happens for a continuous spectrum? It turns out that the long time average is zero,

such that the spectral form factor decays to zero.

1.3.1 Examples

We now consider two simple examples to illustrate the above points. First, the har-
monic oscillator. Instead of treating the two traces in the numerator of the spectral
form factor together as in Equation (1.22), we now consider them separately. Since

E, =n+ 1/2 for the harmonic oscillator, we can calculate, for constant «,

/2
Zea<n+1/2> a/Z‘nZ%( V= (1.24)
We can now use this general result to find
(£2n) (552) 1 pew_aes
(8,1) = ( eﬁ/Qﬁ>2 T 1te 282 Bcos(t) (1.25)
T—e—

This spectral form factor is plotted for 5 = 5 in Figure 1.1. The notable feature is
the late-time oscillations about a positive number, as claimed in the derivation of the
general behavior of the long time average.

Now we take a toy® system with continuous eigenvalues distributed in such a way

that the trace in the energy eigenbasis is

Tr[e*"] = /OOO (E|E)dEe " = é (E|E) , (1.26)

6Non-physical. Here we are only concerned with the mathematical result.
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Figure 1.1: A plot of the spectral form factor for the harmonic oscillator with 5 = 5.
The long time average is non-zero, as is generally the case for systems with a discrete
eigenvalue spectrum.

where we have assumed that Re(a) > 0 and all of the energy eigenstates are normal-
ized in the same way. This (seemingly infinite) normalization cancels by the division
in the definition of the spectral form factor, so we will ignore it. Thus, for this system,
the spectral form factor is

2
9(B,t) = % :

This spectral form factor with 5 = 5 is plotted in Figure 1.2. As claimed, the

(1.27)

long time average is zero, and the spectral form factor decays to zero as t — oo.
Furthermore, even if the system we are considering has a discrete number of energy
eigenstates, if the eigenvalues are distributed closely enough that we can treat sums
over the eigenvalues as “coarse-grained® integrals’, we expect the early-time behavior

of the spectral form factor to be as shown here.

1.4 Summary of Results

Now that we have presented the tools we will use to study quantum chaos, we will list
our main results. In the next chapter, we will study OTOC in the familiar setting of
quantum mechanics and do explicit calculations for some quantum systems, following

[9]. We will also generalize the method of [9] to Hamiltonians with continuous energy

"This criterion applies for the GUE and SYK models considered later.



Figure 1.2: A plot of the spectral form factor for a system with a continuous spectrum
with 8 = 5. The long time average is zero in this case, as expected.

spectra. In the third chapter, we focus on the SYK model, following [2, 11, 12, 13]. We
describe the model and its connection to the Liouville action in the large ¢ limit, then
compute the four-point function in this limit. We show that the four-point OTOC
saturates the chaos bound when v — 1. We then describe the relationship between the
SYK model and the GUE random matrix model. The numerically-calculated spectral
form factors of each are compared, then the GUE spectral form factor is analytically
computed. We finish with some concluding remarks about other quantum chaotic
systems and recent developments in the field. The appendices include a proof of the
Schwarz-Pick Theorem used in the mathematical result that led to the chaos bound

and a full listing of all the code used to generate the figures in this paper.



Chapter 2

Quantum Chaos in Quantum
Mechanics

In this chapter, we build the formalism for calculating OTOC in the setting of quan-
tum mechanics. Doing easy quantum mechanical calculations will give some basic
intuition and preliminary insight into how to approach OTOC and how to interpret

their actual values.

2.1 Calculating OTOC in Quantum Mechanics

In [9], a method for calculating the four-point OTOC at temperature 7,

Cr(t) = —([a(t), p(0)]*) , (2.1)
is presented for quantum mechanical systems described by a Hamiltonian with a
discrete spectrum. This is an ideal starting place for an exploration of the various
behaviors of OTOC, because quantum mechanical calculations are generally much
simpler than quantum field theory calculations and discrete spectra are easier to
work with than continuous spectra.
To proceed, first use the eigenstates |n) of the Hamiltonian to express the trace
in the definition of Cr(t):

Cr(t) = —ﬁ S nl e [q(t), 5O) [n) (2.2)

Defining the energy eigenvalues as H |n) = E, |n), Equation (2.2) can be rewritten

n

as

Cin(t) = % S e By (t), (2.3)

9



where the microcanonical OTOC ¢, (t), defined as

ca(t) = = (n][a(t), H(0)]* In) (2.4)

has been introduced. Note that Cr(t) is just the thermal average of all of the micro-
canonical OTOC.
The next step toward finding a useful form for the OTOC is to insert a com-

plete set of energy eigenstates, I = 3 |m) (m|, between the two commutators in
m

Equation (2.4), yielding

cn(t) = Y bum () (t) (2.5)
bum (t) = —i (n| [4(£), p(0)] [m) . (2.6)

The matrix b(t) with matrix elements by, (t) is a Hermitian matrix, since b%, (t) =
i (m| [p(0), 2(t)] [n) = =i (m] [#(1), H(0)] [n) = byn(t) implies b(t)" = b(t).
The quantity by, (t) has two terms; consider the first one. By inserting another

complete set of energy eigenstates after ¢(t), the first term becomes

(n] e™G(0)e Mp(0) [m) = eI G (2.7)
k

where g, = (n] §(0) |k) and pg,,, = (k| p(0) |m) are the matrix elements of the position
and momentum operators in the energy representation. Combining Equations (2.6)

and (2.7) yields

bnm(t) = —1 Z (ei(En_Ek)thkpkm - 6i(Ek_Em)tpnkq1~cm) . (28)
k

The matrix elements of ¢ are much easier to work with numerically, so it would be

preferable to write Equation (2.8) with only them. If the Hamiltonian is of the form

A 1
=i V(i) (2.9)
then []f[ ,4] = 3[p*, ¢] = —ip implies, upon taking matrix elements,

Plugging this form for p,,, back into Equation (2.8) yields the final form for b, (t):

10



b (1) = Z Gnk Qi [(Er, — Ep)eFn=Bt (B, — )¢ Fetm)t] (2.11)
k

Plugging Equation (2.11) back into Equation (2.5), and subsequently back into
Equation (2.3) yields the important final form of the four-point OTOC:

Crlt) =z Z e PP [quim (Erme'™ " — Epe'™mt) ]

n7m7k7j

X [qqujn (E’jneiEmft — EmjeiEf"t)] , (2.12)

where the four sums are over all energy eigenstates |n) with corresponding energy E,,
of the Hamiltonian H = 0+ V(q), and g = (n| ¢ |k), Epm = By — Epp.

2.1.1 The Harmonic Oscillator

As is the case with most concepts in quantum mechanics, the best explicit calculation
to carry out first involves the harmonic oscillator. Recall that for the harmonic

oscillator with m =1,

~ 1 1 1
H = 5162 + §w2(i2 =w (&T& + 5) ) (2.13)
a'n)=vn+1ln+1), aln)=+vnln—-1), (2.14)
. L.

! G and a' are the annihilation and creation operators,

where H is the Hamiltonian
and the energy eigenstates are |n) for n =0,1,2,..., with energies B, = w (n + 1).

Using Equation (2.15), we can calculate g,:

1 R R 1
Gnm = ——— (n| (aT +a) Im) = —

V2w V2w

It is easiest to plug this result into Equation (2.11) and find b,,,(t) first because of

(m5n,m_1+m5n,m+l) . (2.16)

its particularly simple form. Multiplying two of the three resulting binomials yields

I'We have set & = 1 for convenience.

11



o0

1
=5 Z(\/E\/m(;n,k—lék,m—l +Vk+ 1\/E5n,k:+15k,m—1

2w
k=0

+ VEVM A 100510k mi1 + VE+ 1Vm + 16, 4 1108ms1) (2.17)

X (EkmelE"kt — EnkelEkmt) .

b (1)

Upon multiplying the final binomial through, using the Kronecker deltas to rewrite
each quantity in terms of only the m index, and evaluating the sum over k, we find
that the first and fourth terms are individually zero and that the second and third

terms give

wanm(t) = m5n7m(E(m71)melEm(m71)t — Em(m71)61E<m71>mt)

+ (m + 1)5n,m(E(m+1)meiEm<m+l)t - Em(m—i—l)eiE(mH)mt) : (2‘18)

Noting that Eq,_1)m = —w and E,,;,—1) = w, the two terms proportional to m cancel,

leaving only

brm (t) = Oy m cos(wt) . (2.19)

Since by, (t) is real, b is a symmetric matrix, meaning c,(t) = cos?(wt): the
microcanonical OTOC is constant as a function of energy. Its thermal average is then

just itself, giving the final result

Cr(t) = cos®(wt) , (2.20)

for the harmonic oscillator.

Some comments are in order. First, the four-point OTOC for the harmonic os-
cillator does not grow exponentially; as expected, the harmonic oscillator is not an
example of a quantum chaotic system. Indeed, it would be strange if the simplest
quantum system was chaotic, for then quantum chaos would not be a special property.
Moreover, the classical harmonic oscillator is not chaotic. It would be unexpected for
the harmonic oscillator to become chaotic upon quantization. Second, the OTOC can

be calculated in other ways, all of which give the same result.

12



A cl(t) .

Figure 2.1: A plot of the numerically calculated microcanonical OTOC for the n = 1
energy level of the particle in a box Hamiltonian.

2.1.2 Particle in a Box

The second typical example of any quantum mechanical behavior is the particle in a
box. Here, the Hamiltonian is defined as H = p?/2 on an interval of length L centered

at z. and infinite elsewhere. The energy eigenfunctions are

2 . [nm(z—z.+ %)
Un(z) = \/;sm< 7 ) : (2.21)

with energies F, = %, where n = 1,2,... denote the energy levels. The matrix

elements qx; can be calculated using Mathematica to be

4(=1+ (=1)F)kt
72k — t)2(k + £)2

when k # ¢ and g, = 1/2. Using this result, we can numerically calculate the

Qe = (2.22)

microcanonical OTOC; the function ¢(t) is shown in Figure 2.1. From here, we
could continue to calculate the full OTOC, but for this we refer? to [9]. The result,

of course, is that the particle in a box does not exhibit quantum chaos.

2.1.3 The Free Particle

Now we want to move beyond systems with a discrete spectrum. The simplest such

Hamiltonian with a continuous spectrum is the free particle with H= %132. We could

2Many more interesting examples are given in [9] as well, which we omit here.

13



extend the previous analysis to the continuous case and proceed that way, but there
is a shorter route to the answer. We will take up the more general analysis in the
next section.

The trick for this Hamiltonian? is to notice that the commutator [e***, p] is zero.
Then, we can pull the exponentials that arise from the definition of Z(¢) out of the

commutator with p, leaving

[2(t), p] = e'7[z, ple " = iR . (2.23)

The thermal average of a constant is just a constant, so the four-point OTOC for the

free particle is
Cr(t) =h*. (2.24)

2.2 Continuous Spectra

Our calculation of the four-point OTOC for the free particle made no mention of
the spectrum of the Hamiltonian; it instead focused on the operator algebra. This
process led to an unambiguous result. We now try to generalize the analysis of the
first section of this chapter to systems with a continuous spectrum.

The first obvious difficulty that arises when dealing with a continuous spectrum
of eigenstates |E) of the Hamiltonian H is the normalization. We now assume that

the states are delta function normalized:

(E|E') = §(E — E') . (2.25)

From our work with the spectral form factor of a system with a continuous spectrum
in the Introduction, we expect this normalization to cancel out at the end of our
calculation because every trace we take is proportional to §(0). To show this more
explicitly, if we take the expression ¢nrQrm@mjqjn, Which arises as the general form
of a term in the sum of Equation (2.12), we would get four delta functions and four
integrals; roughly, ¢ukQum@m;qjn ~ 0(E, — Ex)d(Ey — En)0(E, — E;)0(E; — E,).
Doing the four integrals would set the different energy variables equal to each other
one-by-one, until the final integral, where the remaining delta function would be
d(FE, — E,) = d(0). This is the normalization factor that cancels with the immediate

9(0) that comes from the simpler trace in the denominator.

3This trick will work for any Hamiltonian that is purely a function of p
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The second question we may have when we use a continuous spectrum of eigenval-
ues is how the identity operator (which we used repeatedly in the previous section)
might change. If we use the above normalization for the eigenstates, the identity
operator is just* [ = [ dE |E) (E|. Let’s sce an example of this. For the free particle,
the eigenstates are |E,sgn(p)) = N(E) |p), where N(FE) is a normalization constant,

with eigenvalues E = %2. To find the correct normalization, we compute

(E,a|E' D) = g—iN(E)N(E’)e”(p"p) = N(E)N(E"YS(p—7p) , (2.26)

where a and b represent which copy of E (right- or left-moving) we are referencing?.
Now, we use the fact that p = +v/2F and the identity d(g(z)) = d(z — xp),
where g(xo) = 0, to see that

1
lg(zo)l

N(E)N(E)é(p—p') = N(E)N(E')§(V2E —V2E") = N(E)>V2ES(E — E') . (2.27)

Since we want (E|E') = 6(E — E'), we choose N(E) = W We can check this
answer does not change the identity operator by using the known result for momentum

completeness and the change of variables p = +v2F:

(z]x'y = /OO @eip(“x’) — 2/00 daE 1 VIE(e—a')
—o0 2T 0 2T \2F

= /OOO dE (z|E,+) (E, +|2') + /OOO dE (z|E, - (E, —|2') (2.28)
= (x| Ia') = 6(z — 2

Because of the above discussion, we can write down the analogue of Cp(t) by

merely interpreting the discrete energy variables as continuous ones:

1 ' ‘
CT(t) - % /dEndEdekdEJ eiﬂEn [anka (EkmelEnkt - EnkezEkmt)}

X [qqujn (EjneiE"”’t — EmjeiEj"t)} , (2.29)

where all variables are defined as before. While we are not going to do a calculation

with this formula, we will now describe a few of the features of one with the free

4Notice that this statement holds for both ¢ and p, the prototypical operators with continuous
spectra.

®Notice that there could be a d,; in the result as well, but it is also taken care of by the delta
function.
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particle. First, the ¢, are going to be differential operators: this is because the matrix
elements of the ¢ operator are derivatives with respect to p in the momentum basis,
and our energy eigenbasis is just the momentum basis. We would also have a delta

function in this matrix element, confirming our above discussion of the normalization.
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Chapter 3

The SYK Model

We will now discuss one of the most studied systems that exhibits quantum chaos:
the Sachdev-Ye-Kitaev (SYK) model, consisting of N Majorana fermions interacting
with a ¢g-at-a-time random coupling, where, in the limit of strong coupling, the system
has a near conformal symmetry. We will see that the four-point function of the SYK
model saturates the MSS chaos bound. In particular, we will focus on the O(1/N)
part of the ¢ = oo four-point function and the spectral form factor, following [1], [2],
and [11].

3.1 The Model

The SYK model describes a system of N Majorana fermions with interactions involv-
ing ¢ fermions at a time with Gaussian-random coupling constants, where we will

take g to be even!. Explicitly, the Hamiltonian is

H = (i)? Z JirigeigWin Wiz = Wiy (3.1)

1< <ig < <ig<N
where 1, are Majorana fermions, with £ = 1,... N, and the coupling constants
Jiria...i; are drawn from a Gaussian distribution with mean zero and variance given in
terms of the dimensionful parameter J:

_ Jg—1)!

2
Uiiaid = ~N@D (3.2)

We are interested in the four-point function of this theory; to get it, we will first
discuss some results concerning the Euclidean time two-point function, which is given

by

!This section follows [11].
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Figure 3.1: The propagator and first correction for the ¢ = 4 SYK model. The dashed
line in the watermelon diagram represents the disorder average. The vertices in the
melon diagram do not add any powers of N to the propagator, so the leading order
contribution is simply the sum of all iterated wateremelon diagrams.

G(r) = (T[Ys(m)i(0)]) = (i(r)i(0))0(7) = (s (0)s(T))0(=7) ,  (3.3)
where T is the time-ordering symbol, defined with the conventional minus sign for
fermions. In the free case, the propagator is?

1

Gy(r) = §sgn(7') ) (3.4)

In the interacting theory, we would like to compute corrections to this propagator.
To simplify matters, we only want to consider the leading order in NV and will disorder

3. So the first correction to the two-point function we

average over pairs of vertices
will consider is the “watermelon” diagram shown for the case ¢ = 4 in Figure 3.1. The
incoming and outgoing fermions must have the same index i (otherwise we would
be considering an interaction and not a correction to the free propagator, which
must have the incoming and outgoing fermions the same), so there are in general
q — 1 propagators between the vertices. Each vertex, then, contributes a factor of
jil...z’(q,l)i (up to a re-ordering of these indices depending on where 4 falls in relation
to the others). These two factors are multiplied and then averaged over the ¢ — 1

undetermined fermions, giving a vertex contribution of

J?(q — 1)!
E 2 ~ N2\ )
<-]21’L(q71)l> N ¢ N(qil) Y (35)

i17i27"'7i(q71)
where the factors of N in the numerator come from the sum and the factors of N in the

denominator come from the variance of the couplings. Accordingly, the watermelon

2The sign function is defined by sgn(7) = 7/|7| when 7 is non-zero and sgn(0) = 0.
3A disorder average over a single vertex would be the mean of Jirin...iq» Which is zero, so we need
only consider even numbers of vertices.
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diagram contributes to the interacting propagator at the same order in N as the free
propagator.

The general case is not too different, where we just consider one-particle-irreducible
diagrams made from these watermelons, the “iterated watermelon“ diagrams. In the
strong-coupling (conformal) limit, the full propagator at finite inverse temperature (3

is given by

GC(T):b[ ul ﬂ] sgn(7) | (3.6)

[ sin &
where A = 1/q and J?bi7 = (1 — A) tan(rA). Since the conformal symmetry is not
q J2
2(g—1) ’

we can compute the perturbation expansion (in powers of BLJ) of the large ¢ two point

exact, there will be a correction to this two-point function. If we define J2 =

function. The resulting functional form is
G(7) = G(T) {1+?+...} ) (3.7)

3.1.1 The Four-Point Function

We will now consider the O(1/N) piece of the four-point function for the SYK model at
strong coupling. The indices of the external fermions must be pairwise equal because
of the disorder sum. For simplification reasons, we will work with the averaged

correlator, which is defined to be

N
GO (11,79, 73,74) = Z [i(10)9i(72)00; (73)15(7a)]) - (3:8)

We can expand G in powers of 1/N. The leading diagram, which is shown in
Figure 3.2, simply propagating from 71 to 75 and from 73 to 74, is of order 1, since for
all pairs (i,j), the diagram just evaluates to* G(712)G(734). The sum over N? different
combinations cancels the 1/N? from the average. This is the only piece of O(1), so

we can write

1
G(4)(7'1,7'2, 73,74) = G(112)G(734) + Nf(ﬁ, Toy T3, T4) + oo . . (3.9)

The function F contains what are known as ladder diagrams; see Figure 3.4 for
a ¢ = 4 example. We start with the zero rung diagrams, shown in Figure 3.3, which

are just propagators between fermions of different indices:

4Where we employ the usual notation 2 = 71 — 7o.
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T T

T2 T4

Figure 3.2: The leading piece G(712)G(734) in the 1/N expansion of the four-point
function for the SYK model.

T LE] T T3

_|_

T2 T4 T2 14

Figure 3.3: The two zero rung base diagrams for the 1/N piece of the SYK four-point
function. These pieces contribute at order 1/N because they mix fermion indices,
setting them all equal. Their contribution to the four-point function is (1/N)Fo.

f0(71,72773,7'4) = —G(Tlg)G(TQ4) + G(7'14)G(7'23) s (310)

where the minus sign comes from anti-commuting the fermions. At first glance, these
diagrams would seem to be of order 1 as with the first diagram from above, but there
are only N of each of them since propagating from the ¢ fermion to the j fermion can
only happen if i = j. Thus, only one of the factors of N from the average is canceled.

The next ladder diagram has one rung, building® off of the diagram with propa-
gators from 77 to 73 and 7 to 74. An example is shown in Figure 3.5. To analyze this

diagram, notice that the ¢ — 2 propagators between the vertices all have completely

5Note that the ladder diagrams shown in the figures will all build off of the 7, — 73, 70 — 74
base, but the other base from Equation (3.10) also gives contributing diagrams at O(1/N).
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1 \ 1
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7/ / 7/
T2 ’ T4 T2 ’ . T4

Figure 3.4: Part of the sum of ladder diagrams for the ¢ = 4 SYK model. The rest of
the sum is given by the same ladder structure built on the second base of Figure 3.3.
Each of these diagrams contributes at O(1/N).

Figure 3.5: A closer look at one of the one rung diagrams for the ¢ = 4 SYK
model. The fermion index of each propagator is labeled, where the internal indices
are summed over and the intermediate times 7 and 7’ are integrated over.

undetermined fermion indices. Thus, this diagram contributes at order

N

1 5 1 JHg—1!  J*qg—1)!
AT ‘ Z . <.77,1Z(q,2)2j> = qu N(qfl) = N : (3]‘1)

The full contribution from this single-rung ladder diagram is then

fl(l)(rl, 7o, T3, T4) = J2(q—1) /deT’ [G(r1 — 7)G (s — T)G(T' — N DG(r — 7)G(r — )],
(3.12)

where the contribution from the vertex is as in Equation (3.11), except a (¢ — 2)!

symmetry factor from the middle propagators has been divided out. There is another

contribution to JF; which uses the second piece of F{ as the base on which to add the
rung of the ladder, such that

-Fl(7_177—277—3a7—4) = fl(l)(Tl)TQaT?)aTll) - fl(l)(T177—277—477—3) . (3]‘3)
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Figure 3.6: A schematic representation of the kernel’s action to generate the entire
set of ladder diagrams for the SYK model with ¢ = 4. The kernel is simply appended
to the previous diagram as the new bottom rung.

All of the contributions to the 1/N piece are ladder diagrams with different num-

bers of rungs, so we can write

F= i F (3.14)
n=0

where n denotes the number of rungs. Instead of computing each of these diagrams
directly and then summing, we can use the repetitive ladder structure to simplify
the calculation. Notice that, to get F,11, all that must be added to each diagram in
F, is the bottom rung of a ladder, called the kernel K. This process is pictured in
Figure 3.6. The value of K is given by the diagram shown in the figure:

K(Tl, T2, 7'3,7'4) = —J2(q — 1)G(T13)G(T24)G(T34)q72 . (315)

Then, the next term in the sum F,;) can be constructed from the last by placing

the two vertices of the kernel at any value of 7:

Fin+1)(T1, T2, T3, T4) = /deT/K(Tl,TQ,T, Fu (1,7 73, 74) - (3.16)
This equation is of the form of matrix multiplication, so by analogy we can write

1
]::ZK”.]—“O:_l_K.]-“O’ (3.17)

where the “-” denotes the product of Equation (3.16) and we have summed the ge-
ometric series in K. Now, if we could diagonalize K, we could write this equation

in terms of its eigenvalues. However, it is not clear that K should be diagonalizable
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because it is not symmetric®. This can be remedied by conjugating K by powers of

the propagator to make a symmetric version,
~ —2 2—
K =|G(r2)| 7 K|G(ma)| T

= —J2(q — 1)|G(m2)|"T G(713) G (724) | Gl74)| T, (3.18)

which shows that K can be diagonalized.

3.1.2 The 1/q Expansion

We now begin our study of the ¢ — oo limit of the SYK model, following [12] and
[13]. We will need to use the Lagrangian for the SYK model, which is

N
L=—s S wdti— X daatu et (3.19)
i=1

1<i1<-<ig<N
Now, using the replica method, where n copies of the fermions v; are introduced, it

was shown in [12] that the action for the (replica) theory is

S = —%ZZ/dtw?(t)atw?(t) — ﬁ/dmdt2 > ( 1 ¢?<ti>¢?(t2)>

a=1 i=1 a,b=1 \1i=
(3.20)
We introduce a bi-local collective field
X
P (b, ty) = N ;¢f(t1)¢f(t2) =V (X,)Y), (3.21)

where the variables X = (a,t;) and Y = (b,t3) are introduced to simplify notation.
Switching X and Y gives a minus sign because the ¢ are all fermions, so ¥ is anti-

symmetric. The replica action above then becomes the effective action

N.J?
2q

S0 = = [ aX0, WYy + 5 Trlloa(w)] - / AXdY (U(X, V)" |
(3.22)

where the integral over X is understood to be an integral over t; and a sum over

the replicas. The trace-log term comes from changing variables in the measure of the

path integral.

6Symmetric in the sense of K (71,72, 73,74)7 = K (73,74, 71, T2).
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To take the ¢ — oo limit, we must use the rescaled coupling J? = Qq%lJz as

defined above, since J is independent of ¢q. Using this variable, the coefficient of the

third term of Equation (3.22) becomes 2(1_2—*272]\[. We also must redefine our bi-local
field to be
o(X,Y
V(X,Y) = sgnét”) [1 ics )} (3.23)
q
Using the identities
1
sgn;tm) () —
" -1
(W) = atl(s(t12) ) (324)
we can rewrite the trace-log term as
o(X,Y
Trlog(¥) = Tt [log(sgn(tu)) n log(l N Oy, (sgn(ti2) (X, )))}
2 2q
sgn(tlg) > 1 -1 " n
=Ty {log( > )1 - ; o\ Tr [0y, (sgn(t1)®(X, V)", (3.25)

where the power in the last term is to be interpreted as a matrix power, such
that Tr[f(a, )] = [dadcy ...de,—1f(a,c1)f(c1,¢2) - f(cno1,a). For the interaction

term, since we only consider even ¢, we get

1

d(X, V)11
(U(X,Y)!=— {1 + u} ; (3.26)
24 q
but we would like to express this as a power series in 1/¢. Guessing that
d(X, V)11 X, Y XY
{1 LX) q = (XY [1 Laldy) | el 5 ) +O(1/q3)} 7 (3.27)
q 4q q

we can take the log of both sides and keep terms up to O(1/¢*). Doing this yields

1
a(X,Y) = —50(X. V)2,
1 1
c(X,Y) = §<I>(X, Y)? + g<1>(X, V)t (3.28)
such that the collective action is now
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1= -5 31 (5;) Tl smnee 0t -
J*N

a(X,Y) n o (X,Y)

. 2 +0(1/¢*)| , (3.29)

dXdye?™Y) [1 -

4q?
where the terms below O(1/¢?) are zero because of the free field equation of motion.
If we restrict ourselves to the O(1/¢%) terms in this action, we get the Liouville

action:

SL[®] = ﬂ dXdY E@tl (sgn(t12)®(X,Y))0,, (sgn(tan)®(Y, X)) + 2‘726@()(,5/)}

87

(3.30)
Thus, studying the large ¢ limit of the SYK model is the same as studying the Liouville
theory.

3.1.3 The g — oo Limit

Equation (3.7) gives a way to analyze the SYK model in the limit of large ¢. If we
consider the infinite temperature limit, the conformal two-point function of Equa-

tion (3.6) becomes

Ge(T) = MLQ/qsgn(T) ) (3.31)

2nT

In terms of the variable 6 = 5 then, the large ¢ two-point function would simplify
to
~ sgn(0)

G(o) = =5 (3.32)

Since G is the sign function, the part of the four-point function we are considering

satisfies the following differential equation:

2

a 202 U2p2 /A / / ! /
—Z“rv 0; — —— | Flo,y, 2t y) = 0(y—y)o(z —a') +o(y —y —m)o(2m —x —a’) |

(3.33)
where 2 = 0y, y = 9522 P= m, T =wvr+ (1 —v)m, and v is defined implicitly
through fJ = COS(’;Z) T3y These coordinates overcount the physical configurations of

states, so to correct for this we only consider the region > 0, 2’ > 0, and y > ¢/
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This equation can be solved by separation of variables: consider first the operator
—02 + ]52/2, with the boundary condition of zero at z = 0. In the limit that v goes
to one (BJ goes to infinity, or strong coupling), a complete set of eigenfunctions for

this operator is

sin(na)

fo(Z) = (i) ncos(nz/2) , (3.34)

where n > 2 is an integer. The corresponding eigenvalues are n?/4, as can be easily

verified. These functions satisfy the completeness relations

> Pt P o),
2;2( 1) % —6@2r—z—2a'). (3.35)
These properties motivate the ansatz
F(z,y,2',y) gH y—1) El (1>), (3.36)

where the functions H,, are to be determined. The Z part of the Equation (3.33) acts
on just the unprimed factor of f,(Z) to multiply by a factor of n?/4, while the delta
functions involving x on the right-hand-side of Equation (3.33) can be rewritten using
Equation (3.35)":

5(y)5(x—x’)+6(y—7r)5(27r—x—x’):Zu[é(y)+(_1)n5(y_ﬂ>] (z (7))

n>2 (

, (3.37)

where the factor of v comes from trading x for & and ¢y’ = 0. Thus, the result of

plugging in the ansatz and equating terms at each value of n yields

92 vn?
- S| ) = olot) + (130 - )] (3.38)
This differential equation has two source terms, one at y = 0 and one at y = 7.
Thus, the solution should be a continuous function that has a discontinuous derivative

at the source points. Moreover, the function should be 27-periodic. Because of

"Note that this step is necessary because the right-hand-side of Equation (3.33) does not have a
factor of F to equate term-by-term in the sum.
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these conditions, we can reinterpret the discontinuity of the derivative y = 0 for a

discontinuity at y = 0" and y = 27~. The functions

H,(3) = — s (cosln(y = 7))+ (<) cosfuu(ly = 7| = 7)) . (339)

satisfy the constraints.
We are only concerned with the strong coupling limit (v — 1). Expanding in

powers of 1 — v, and using the identity ;= ~ ’87‘7 + 1, we find

Hn(y)z{ﬁj+1—<y—ﬁ>8y}w+0<ﬁ%),O<y<7r

2 2 ™2
BT 3 4 cos(ny) 1

where O (6%7) ~ O(1 —v). Using f.(Z) = fulz) + (1 —v)(mr — ) f/(z) + ... and
plugging into the ansatz, we find the result

™

F(z,y,2',0) = [M ~2 (—1 + (y - 5) 0, + (x — )0, + (¢ — W)ar,ﬂ

=™ fo(x) fu (')

X
w2n2(n? —1) ’

(3.41)

In|>2

for 0 < y < m, where the substitution of 7/2 — 37/2 in the third term gives the

four-point function in the region 7 < y < 2.

3.1.4 The Chaos Bound

We would now like to show that the SYK model saturates the chaos bound A < %’r
in the limit v — 1 that we took above. One possible route to this property is through
analytically continuing the four-point function that was derived above, but we take a
slightly different approach here, due to [11] and [14]. First, we define our OTOC to

be

F(ty,ta) = Try(t1)y;(0)yabi(ta)y; (0)] (3.42)

where y = p(8)"/* is a quarter of the thermal density matrix contribution, as it was

in the chaos bound discussion above. To analyze the four-point function, we must
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now consider it on the thermal circle, where the correct propagators to use are the

retarded propagators. The kernel is now defined as

Kgr(t, ta, ts,t4) = J*(q¢ — 1)GRr(t13)GRr(tas) Gi(taa) 2, (3.43)

where the propagators are

Gr(t) =0(t),
27 2?

JG(t) " = —————
4G (1) 32 coshQ(%”t)

(3.44)
in the large ¢ limit. This four-point function also obeys the generating equation with
the kernel, but it can be simplified in this case. When t; and ¢, are large, the zero-
rung contribution to the propagator is small compared to the other diagrams. Thus,
if we consider the sum of the diagrams that contribute to the four-point function,
adding a rung to every diagram does not change the sum, since it merely eliminates
the contribution from the zero-rung portion. Thus, F is an eigenfunction of the kernel

Kr with eigenvalue one:

F(tl,tg) = /dtgdt4KR(t1,tg,tg,t4)F(t3,t4> y (345)

We now look for solutions of the eigenvalue equation with the form

F(tl, t2) = 6/\L(t1+t2)/2f(t12) . (346)

Since the propagator G is just a theta function, if we take the 0;, and 0;, derivatives
on both sides we kill the integrals. We can then rewrite this differential equation in

terms of the variable x, defined earlier, as

A 2] _ 27202
[ £ | ) = e (3.47)

Re-scaling using & = 7z and f(#) = f(z) and re-arranging gives the familiar equation

- <M)2 f(@) = {—a;f; - LQ] f(@), (3.48)

2wV cosh” 7

2
cosh?

known to only have one bound state, which has energy —1. Thus, it must be the case
that

which is just the Schrodinger equation with a — potential. This equation is
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)\L = —U, (349)

so that the SYK model saturates the chaos bound in the v — 1 limit.

3.2 The Spectral Form Factor

The spectral form factor for the SYK model is defined similar to Equation (1.21),

except the partition functions are averaged over the disorder® [1]:

<Z<5a t)Z*(B> t))J
(zen;

where (-); denotes averaging over the random couplings J. This quantity can be

9(B,t) =

(3.50)

computed numerically by computing each average using many different collections of
couplings J. The result is shown in Figure 3.7. The spectral form factor starts to
decay, drops to a minimum, then rises back to a plateau. This final rise is called the
ramp. As explained in our general discussion of the spectral form factor, the initial
decrease and late-time plateau are related to the OTOC and random matrix theory
behaviors of the model, respectively. The intermediate-time behavior, including the
ramp, are not determined by general considerations, but we will show that they are
instead fixed by the quantum chaotic properties of the system.

It would be analytically difficult to calculate the spectral form factor for the SYK
model. However, it is a long-standing conjecture that the distribution of eigenvalues
of quantum chaotic systems are described by three random matrix models: the Gaus-
sian Unitary Ensemble (GUE), the Gaussian Orthogonal Ensemble (GOE), or the
Gaussian Symplectic Ensemble (GSE), depending on the symmetry of the system®.
It turns out that the GUE reproduces the features of the SYK spectral form factor,
as we will now show. Thus, we can study the GUE spectral form factor as a proxy

for the SYK model spectral form factor.

3.2.1 The Gaussian Unitary Ensemble

The Gaussian Unitary Ensemble is the set of N x N Hermitian matrices H, with the
probability density

8This section follows the discussions in [1] and [2].
9Indeed, the first hints of the connection were discovered by Wigner in the 1950s. This relationship
has been confirmed in many different examples: see, for example, [15].
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Figure 3.7: A plot of the spectral form factor for the SYK model as numerically
calculated in [1]. The interesting intermediate-time behavior of the spectral form
factor is due to the SYK model being quantum chaotic.

P(H) = %e%ﬁ(hﬂ) , (3.51)

where Z is a normalization factor that ensures that this is a probability density. We

can compute this Z by integrating ZP(H) over all Hermitian matrices:

7 = / dHe > (1) | (3.52)

where the measure is defined as N? integrals over real variables:

dH = (ﬁ d(Re H;;)d(Im Hz-j)) (ﬂ dek> . (3.53)

i<j
Since the matrix elements of the product are Hp, = > HyHu = > Hiy{Hy, =
J J

> (Re Hjx)*+(Im Hji)?, we just have N? Gaussian integrals in Equation (3.52), where

J
the off-diagonal integrals have an extra factor of 2 in the exponential compared to

the diagonal elements. Thus, Z = (2—”)N/2 (l)N(Nfl)/Q or

N N )
N2/2
7 — 9N/ (1) . 3.54
r (3.54
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This analysis additionally reveals that each independent variable in the matrix H
is Gaussian distributed with mean zero and standard deviation 1/N. As in the SYK
model, then, we can define a disorder average of the quantity A(H) by

 faHe ™) A(H)
(AED) =~

We use the disorder average to define the spectral form factor as we did for the SYK

(3.55)

model (except we omit the normalization factor in the denominator):

g(B,t) = (Z*(B,t) Z(B,t)) = (Tr[ef(ﬁﬂ't)H} Tr[ef(ﬁfit)HD . (3.56)

The spectral form factor for the Gaussian Unitary Ensemble can also be calculated
numerically. Figure 3.8 shows ¢(5,t) for N = 50, where the matrices H have been
normalized in such a way'® that the eigenvalues lie between -2 and 2 and follow the
Wigner semi-circle distribution [1, 2, 16, 17]. To calculate this spectral form factor,
1000 random matrices were diagonalized; the eigenvalues were used to compute the
individual spectral form factors, which were then averaged. Figure 3.8 numerically
confirms the previously mentioned link between the GUE and SYK spectral form
factors.

We now follow [2]| in calculating the GUE spectral form factor analytically. Since
the measure dH is unchanged under H — —H, if  — — [, the extra signs introduced
from this change can always be removed by flipping H. Thus, ¢(5,t) = g(—05,1) is
an even function in . Additionally, ¢ was defined to be an even function in %, so
without loss of generality we can restrict to the region 5 > 0, t > 0. As previously
mentioned, the distribution of eigenvalues p(u) of the Hermitian matrices of the GUE
model will be normalized to lie between -2 and 2, such that they follow the Wigner

semi-circle distribution

pp) = i\/4 —pe. (3.57)

2m
The trick to analytically computing the spectral form factor is noticing that the

defining integral equation for ¢g(/3,t) is mathematically equivalent to that of the cor-
relator of 1/2 Bogomol'nyi-Prasad-Sommerfeld (BPS) Wilson loops!! in four dimen-
sional N' = 4 supersymmetric Yang-Mills (SYM) theory. We can simply port this

known result from [18] after changing variables. The first change we make is

0For N = 50, this normalization factor can be numerically determined to be H — H/500. See
the Code Appendix for details on the specific calculation of the spectral form factor shown here.

"The correlator for 1/2 BPS Wilson loops is also defined using an average over the GUE random
matrices; see Equation (3.61)
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Figure 3.8: A plot of the spectral form factor for the Gaussian Unitary Ensemble for
N = 50 and § = 5 using 1000 randomly generated matrices. The plateau of this
spectral form factor is again slightly fuzzy because of the noise inherent in averaging
over the random matrix ensemble. References [1] and [2]| give additional plots of the
GUE spectral form factor for different parameter values.

2
o= \/;M : (3.58)

where the constant factor relating the measures dM and dH cancel because of the
division in Equation (3.55). Additionally, this simplifies the probability density weight
factor (by design):

3 ()

e = (%) | (3.59)

To rewrite the definition of the GUE spectral form factor in terms of this M, we just

include the appropriate constants in the exponential

(B+it) V3 B-it)v3
g(B,t) = <Tr [e T ZM} Tr [e VN 2M}> ) (3.60)

The expression for the correlator of 1/2 BPS Wilson loops is

<H e’“i\/%ﬁM> , (3.61)

where the k; are the winding numbers. For our purposes, i = 1,2, and kv =
—2(8 + it), kovV\ = —2(8 — it). To write down this correlator, we will use the
symmetric matrix A(z), defined by

32



A oL
Ay = || e (=) (3.62)

where ¢ and j range from 0 to N —1 and Lf ~! is the associated Laguerre polynomial.

The first correlator we are interested in is the one-point function'?

<Tr(ez‘/§M>> =Tr(A(z)) = eéL}V_l(—zﬂ) : (3.63)

The one-point function is used in the definition of the disconnected part of the

(P ol o

spectral form factor g4, defined as

9a(B,t) = (Z(B,1)){Z"

Making the identifications z = Bj_” and z \/— we can use the BPS result from
Equation (3.63) to write
(z2+2%) _
ga(B,t) = e = Ly_y(=2*)Ly_1(=7%) . (3.65)

The exact!? disconnected part of the GUE spectral form factor that we considered
before is plotted in Figure 3.9. The disconnected part, then, is responsible for the
early-time behavior of the spectral form factor and is negligible at late times.

To study the late-time behavior of the spectral form factor, then, we need to study
the part of the spectral form factor that is not g;. This part is the connected part,
defined as

9¢(8,t) = g(B,t) — ga(B, 1) - (3.66)

In the BPS analysis of [18], the connected part of the 1/2 Wilson loop BPS correlator,
and by analogy g¢., is shown to be

9:(B,t) = Tr[A(z + 2) — A(2)A(2)] . (3.67)

Consider Tr[A(z+ z)] = Tr [A(—j—’%)} This portion is independent of time, so it

must set the value of the plateau for the spectral form factor:

12Which can be calculated by noticing that the matrix elements of A can be written in terms of
the raising and lowering operators of the harmonic oscillator, as in Appendix A of [2].

13We stress that Figure 3.9 is not numerically calculated, but is the plot of Equation (3.65) for
the parameter values considered above.
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Figure 3.9: A plot of the exact disconnected part of the spectral form factor for the
Gaussian Unitary Ensemble for N = 50 and 8 = 5. It is clear that the disconnected
part is responsible for the behavior of the spectral form factor at early times only.

Lt
1000

Figure 3.10: A plot of the exact plateau part of the connected piece of the spectral
form factor for the Gaussian Unitary Ensemble for N = 50 and g = 5.

gp(B,1) = Tr {A (—j—%ﬂ = e#L}V_1 (—%) : (3.68)

The constant plateau function is plotted for § =5 and N = 50 in Figure 3.10.

We can manually construct the matrix A(z) and plot the entire connected piece
of the spectral form factor for the case § = 5 and N = 50: the result of this pro-
cedure is shown!? in Figure 3.11. The shape is as expected, and it implies that

g-(B,t) = —Tr[A(2)A(Z)] is negative and describes the ramp of the spectral form

4We now use MATLAB for calculations and plotting because of a numerical difficulty in the
Mathematica implementation where the spectral form factor wildly oscillated starting at ¢t = 30.
Because a number of consistency checks were satisfied in the region away from ¢ = 30, we suspect
numerical precision was being lost near ¢ = 30 for an unknown reason.
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Figure 3.11: A plot of the exact connected piece of the spectral form factor for the
Gaussian Unitary Ensemble for N = 50 and g = 5.

factor. Figure 3.12 puts all of these results together and shows the exact spectral
form factor for =5 and N = 50.

3.2.2 Slope of the Ramp

We will now briefly describe the result of the calculation of the slope of ¢,.(3,t) as
carried out in [2| because of its connection to random matrix theory. First, since

gp, the plateau piece, is a constant, it is independent of time. Thus, since g.(8,t) =

(B, 1) + g-(B, 1),
dg, 99,
ot ot

From the same general considerations that lead to Equation (3.67), the time derivative

(3.69)

of g. can be calculated to be

09, N 242
E(B?t) - B €

where L, is the Laguerre polynomial. The function s(3,t), defined using the time

Im[Ly(—2*)Ly_1(—2%)], (3.70)

derivative of g, as

s(B,t) = ﬁarcsinh (2Wﬁ%(5,i)> , (3.71)

can be shown to obey the semi-circle law:

s(B, 0+ 17 =1, (3.72)
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Figure 3.12: A plot of the exact spectral form factor for the Gaussian Unitary Ensem-
ble for N = 50 and § = 5. Compare with the numerically (Monte Carlo) calculated

spectral form factor from Figure 3.8.

where 7 = ;. The significance of this finding is that it confirms that the middle-

2N

time behavior of the GUE spectral form factor (the ramp) is controlled by the random

matrix theory prediction for the eigenvalue spectrum of the model.
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Chapter 4

Conclusions

In this thesis, we have explored the concept of quantum chaos and some of the systems
that exhibit it. The tools we used in our study came from two places: the OTOC was
motivated directly from the Poisson bracket argument that showed how quantum
chaotic systems would be expected to behave, while the spectral form factor was
motivated indirectly as a tool to study the discrete spectra of quantum chaotic systems
and compare them to random matrix theory ensembles!. We applied these concepts
first to familiar quantum mechanical systems to test their behavior. There is still much
to be explored in the simple quantum mechanical setting, particularly for systems with
continuous spectra? General results relating classical and quantum chaos seem to be
lacking.

The SYK model has attracted much attention over the past few years as an exam-
ple of a tractable holographic system. Many extensions of the SYK model have been
developed, and much effort has been spent trying to understand the various proper-
ties of the SYK model |20, 21|. As these motivations suggest, the ultimate hope for
quantum chaos is that it will help in understanding quantum gravity, as any theory of
quantum gravity describing many-body interactions would be expected to be chaotic.
The SYK model itself is related to Jackiw-Teitelboim (JT) gravity, and recent papers
have found a connection between non-perturbative JT gravity and matrix integrals
[22, 23|. As it stands, studies of quantum chaotic systems are poised to give the best
near-term results in quantum gravity, with other surprises and new physics possible

along the way.

1Spectral form factors were also motivated by the discrete spectrum of black hole microstates.
2For an example of a system that could be studied, see [19].
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Appendix A
The Schwarz-Pick Theorem

Let D be the open unit disk in the complex plane. The Schwarz-Pick theorem states
that, if f: D — D is holomorphic, then Vz;, 29 € D,

f(Zl) — f(2) ‘ 21— 22
L—(f(z)*f(z2)| ~ |1 = (21)"20

Taking the limit as z; — 29, squaring, and multiplying by four gives the preservation

(A.1)

or decreasing of distances in the hyperbolic metric, justifying Equation (1.13). To
prove the theorem, we first need to prove the Schwarz Lemma: let g : D — C be a
holomorphic function with g(0) = 0 and Vz € D : |g(z)| < 1. Then, Vz € D : |g(z)| <
|z| and |¢’(0)| < 1. Additionally, if |g(2)| = |2| for some z # 0 in D, or if |¢'(0)| = 1,
then g(z) o z.

Proving the Schwarz Lemma is an application of the maximum principle for holo-

morphic functions'. Consider the function

[ g0,
h(z) = {g’(O) iz0. (A.2)

which is holomorphic on the D. It is clearly continuous at zero, since lim, o h(z),
just gives the definition of the complex derivative of g at z = 0. It is also clearly
differentiable when z # 0. The only potential problem could be the derivative at
z = 0, but this is just equal to ¢”(0), since h/(0) = lim, ,0(g(2)/z?) — (¢’(0)/z), and
the first term can be approximated by ¢'(z)/z near z = 0. The existence of this
derivative ensures that h is holomorphic on D. Now, for any closed disk of radius
r < 1 centered at zero, for any z in this disk, the maximum principle for h implies

that there exists zg with |zg| = r such that

!The maximum principle states that holomorphic functions attain their maximum modulus on
the boundary of their domain of definition. This follows directly from the maximum principle for
harmonic functions.
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1
|h(2)] < |h(20)| < - (A.3)
where the last inequality follows from the bound on |g|. Taking the limit as r — 1
gives the Schwarz lemma.
We now use the Schwarz lemma to prove the Schwarz-Pick theorem. Consider,
for a fixed zy € D, the Mobius transformation

20 — R

M(z) =

(A.4)

2z —1"
0

If z = ¢, then

20—2 25— 2"

=1
252 — 1 zpz* =1

(M ()| = : (A.5)

since |z|> = 1. So M maps the unit circle to itself, and thus maps the disk to the

disk. Define another Mobius transformation by

A GO
1—(f(20))z

Since Mobius transformations are invertible and M (zp) = 0 and ¢(f(2)) = 0, we

¢(2) (A.6)

can form the composition ¢(f(M~'(z))), which maps zero to zero and maps the unit
disk to the unit disk, since ¢ also maps the unit disk to the unit disk (it is of the same
form as M, since |f(z0)| < 1). Thus, the Schwarz lemma applies to the composition,
so if z = M(z;), then

B (=) = |- ff})(z;){*(;&)

exactly what we wanted to prove.

20 — 21

: (A7)

1 — 252
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Appendix B

Code Appendix

For the benefit of the reader trying to reproduce the results above, we have included
here all code used to make the plots in this paper, with a few comments'. The
languages used were Mathematica and Matlab. The Matlab code will be denoted as
such, while all other code is Mathematica. Code will be listed in gray boxes, where

line breaks due to line overflow will be denoted by a return arrow.

B.1 Figure 1.1, the Harmonic Oscillator Spectral Form
Factor

Clear["Global  x"]

beta = 5;

LogLinearPlot[(1 + Exp[-2xbeta] - 2xExp[-beta])/(1 + Exp[-2xbeta] - 2xExp[-betal*Cos[t]), t, 0, 100,
— AxesLabel -> "t", "g[5,t]"]

B.2 Figure 1.2, an Example of a Continuous Spec-
trum Hamiltonian’s Spectral Form Factor

Clear["Global *"]
beta = 5;
LogLinearPlot[beta~2/(beta”2 + t"2), t, 0, 100,AxesLabel -> "t", "g[5,t]"]

"Why not a Github repository? While that may seem to be a simpler solution, I worry that it
may not be a long-term one. Moreover, I feel the code should be more easily accessible from the
paper than a link to a Github repository would be. Finally, I feel the code should be viewed as part
of the submission of this thesis and not as an adjacent product.
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B.3 Figure 2.1, the Microcanonical OTOC c¢; for the
Particle in a Box Hamiltonian

Clear["Global *"];
(x Start with known solution to infinite square well x)

m:=1;
L :=1;
Xxc := 1/2;

Energy[n_, L_] := n"2 x Pi"2/(2xL);

Psi[n_, L, x_, xc_] := Sqrt[2/L]*Sin[n*Pix(x - xc + L/2)/L];

Plot[Psi[1, L, x, xcl, x, 0, 1]

Integrate[Abs[Psi[l, L, x, xc]]”*2, x, 0, 1]

(* Now calculate xnm x)

opx[n_, m_] := Integrate[Psi[n, L, x, xc]*x*Psi[m, L, x, xc], x, 0, 1];

Simplify[Simplify[opx[k, t], Element[k, Integers]], Element[t, Integers]]

Simplify[Simplify[opx[k, k], Element[k, Integers]]]

Nmax := 50;

Nopx[n_, m_] := Integrate[N[Psi[n, L, x, xc]xxxPsi[m, L, x, xcll, x, 0, 1];

matx = Table[N[Nopx[n, m]], n, 1, Nmax, m, 1, Nmax];

dE[k_, m_] := N[Energy[k, L] - Energy[m, L]]

bmat[n_, m_, t_, Nmax_] := Sum[matx[[n, k]]xmatx[[k, m]]*(dE[k, m]*N[Exp[I*dE[n, k]l*t]] - dE[n,
— KI*N[Exp[I*dE[k, m]xt]]), k, 1, Nmax];

Plot[Abs[bmat[1l, 1, t, Nmax]], t, 0, 1]

matb := Table[bmat[n, m, t, Nmax], n, 1, Nmax, m, 1, Nmax];

cn[n_, time_] := matb[[n, All]].matb[[All, n]] /. t -> time;

ListPlot[Table[time/100, Chop[cn[l, time/100]1], time, 0, 100]]

This particular implementation is quite slow?, and could possibly be improved by

not using so many function calls.

2This is the reason we chose to ListPlot the result instead of Plot.
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B.4 Figure 3.8, the Numerically-Calculated GUE Spec-
tral Form Factor

Clear["Global *"]
nsamples = 1500;

g =0;
n = 50;
beta = 5;

For[k = 0, k < nsamples + 1, k++,
data = RandomVariate[NormalDistribution[@, n], n”2];
H := Tablel
If[i == j,
If[i == 1, datall[l]],
data[[Sum[2xn - (2%(k) - 1), k, 1, i - 1] + 1111,
If[j > 1,
data[[Sum[2xn - (2x(k) - 1), k, 1, i - 1] + 2 +
2xAbs[j - 1 - 1111 +
Ixdata[[Sum[2*n - (2x(k) - 1), k, 1, i - 1] + 3 +
2xAbs[j - 1 - 1111,
data[[Sum[2xn - (2x(k) - 1), k, 1, j - 1] + 2 +
2xAbs[i - j - 1111 -
Ixdata[[Sum[2*n - (2x(k) - 1), k, 1, j - 1] + 3 +
2xAbs[i - j - 111111, i, 1, n, j, 1, n];
evalH = Eigenvalues[H/500];
g = g + Total[Exp[-(beta + I t)xevalH]] Totall
Exp[-(beta - I t)xevalHl];];
g = g/nsamples;
Plot[Abs[g], t, 0, 100]
LogLinearPlot[Abs[g], t, 0, 1000, AxesLabel -> "t", "g[5,t]"]

B.5 Figures 3.9 and 3.10, the Disconnected and Plateau
Pieces of the GUE Spectral Form Factor

beta = 5;
LogLinearPlot[
Exp[(beta~2 - t*2 )/n] LaguerreL[n - 1,
1, -(beta + I t)"2/n] LaguerreL[n - 1, 1, -(beta - I t)"2/n], t,
0, 1000, AxeslLabel -> "t", "gd[5,t]", Mesh -> All,
PlotPoints -> 500]
LogLinearPlot[
Exp[2 beta”2 /n] LaguerreL[n - 1, 1, -4 beta”2/n], t, 0, 1000,
AxesLabel -> "t", "gp[5,t]"]
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B.6 Figures 3.11 and 3.12, the Connected Piece of
the GUE Spectral Form Factor and the Exact
GUE Spectral Form Factor

t = logspace(0,3,50);
n = 50;
beta = 5;
z = -(beta + lixt)/sqrt(n);
zbar = -(beta - 1lixt)/sqrt(n);
Az = zeros(n,n,length(t));
Azbar = zeros(n,n,length(t));
Azpluszbar = zeros(n,n,length(t));
for k = 0:n-1
for p = 0:n-1
Az(k+1l,p+1,:) =
— sqrt(factorial(k)/factorial(p))*exp(z.”2/2).xz.”~(p-k).*laguerreL(k,p-k,-z.72);
Azbar(k+1,p+1,:) = sqrt(factorial(k)/factorial(p))=*exp(zbar.”2/2).*xzbar.”(p-k).* |
— laguerreL(k,p-k, -zbar.”2);
Azpluszbar(k+1,p+1l,:) = sqrt(factorial(k)/factorial(p))x*exp((z+zbar).”2/2).*]
— (z+zbar).”(p-k).*xlaguerreL(k,p-k, - (z+zbar).”2);
end
end

gd = zeros(length(t));
for time = 1:length(t)
gd(time) = trace(Az(:,:,time))x*trace(Azbar(:,:,time));
end
figure(1)
semilogx(t,gd);
xlabel('t")
ylabel('gd(5,t)")

gc = zeros(length(t));
for time = 1:length(t);
gc(time) = trace(Azpluszbar(:,:,time)) - trace(Az(:,:,time)*Azbar(:,:,time));
end
figure(2)
semilogx(t,gc);
xlabel('t")
ylabel('gc(5,t)")

gr = zeros(length(t));
for time = 1:length(t);

gr(time) = -1xtrace(Az(:,:,time)*Azbar(:,:,time));
end
figure(3
semilogx
xlabel("'
ylabel('

)
(t,gr);
t')
gr(5,t)")
g = gd+gc;
figure(4)
semilogx(t,g);
xlabel('t")
ylabel('g(5,t)")

These figures were created with Matlab.
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